We develop the quantum-mechanical description of output coupling of macroscopic coherent matter waves from a Bose-Einstein condensate ͑BEC͒ via a radio-frequency field in the pulsed and cw limits for both strong and weak field coupling. The theory is converted into a Fock state description to point out the stimulated ͑in Bose particle͒ nature of the output coupling. A useful analogy with the theory of molecular photodissociation is used to explain the various regimes of output coupling BECs using radiation sources. We present specific calculations of the rates of output coupling as a function of the number of Bose atoms in the condensate and the frequency, detuning, and intensity of the radio-frequency field. ͓S1050-2947͑99͒00805-7͔
I. INTRODUCTION
Experiments have conclusively demonstrated coherence properties of Bose-Einstein condensates ͑BECs͒ ͓1͔ and the radio-frequency ͑rf͒ radiation output coupling of BECs ͓2͔. Hence, the concept of an atom laser ͓3-9͔ based upon a BEC that is output-coupled via a rf field-stimulated process to produce macroscopic coherent matter waves has been marvelously demonstrated experimentally. In this paper we explore the nature of the output coupling for atom lasers from BECs by various types of rf radiation sources. We consider pulsed and cw atom lasers in several regimes of operation. The output coupling can be described as stimulated emission of bosonic atoms using rf radiation from a trapped spin state of the atoms in the ground state of the harmonic trap to an untrapped spin state. Our approach makes use of the strong similarity between condensate output coupling and molecular photodissociation. The condensate is analogous to a molecule which is induced to decay from a bound state into a continuum or scattering state. The analogy to photodissociation theory brings a new perspective to the different regimes of rf output coupling of BECs. Time-independent and timedependent theories of photofragmentation have been developed in detail for many years in the chemical physics community and have full bearing on the problem of rf output coupling of BECs. Our method of description simplifies the theoretical treatment and leads to physical pictures of the dynamics based on Franck-Condon or wave-packet dynamics familiar to molecular physics. Our discussion is restricted to the case of zero temperature, where the main effect of having a condensate is to add mean-field terms to the propagation equations describing the dynamics of BEC output coupling. Generalizations to the case of finite temperature will be considered elsewhere.
The atom laser results from a transition from a trapped spin state to an untrapped one, which is no longer bound. Multicomponent ͑or dual͒ condensates have also been made ͓10͔ and studied theoretically ͓11-14͔ in which both spin components are trapped by the confining fields and therefore not outcoupled from the trap. Other recent experiments have used two-photon processes to couple different internal spin states to produce multicomponent condensates and study their relative phase ͓15͔ or time-dependent dynamics ͓16,17͔. Optical trapping can also produce multicomponent condensates, called spinor condensates by the MIT group ͓18͔. The molecular physics viewpoint which we develop for atom lasers can also be applied to such trapped multicomponent spin systems, and we make brief note of such possibilities.
Section II points out the analogies with molecular photoabsorption for pulsed and cw cases. Section III A reproduces the description of the impulsive limit used in Ref. ͓2͔ for the case of an intense short rf pulse, and Section III B describes how to view atom laser output coupling as a stimulated bosonic process. Section III C presents the generalized description of broadband rf output coupling which reduces in appropriate limits to the treatment in Sec. III A and to the cw treatment described in Sec. IV. Sec. V considers transitions between bound BECs. Numerical results for the weak-field narrow-band rf source case are described in Sec. VI, and a conclusion and summary are given in Sec. VII.
II. ANALOGIES WITH MOLECULAR PHOTODISSOCIATION THEORY
Let us briefly review the theory of molecular photodissociation, which involves the optical coupling of the ground electronic state of a molecule in a given vibrationalrotational state to an excited dissociative electronic state. If a broadband temporally short pulse is responsible for a molecular transition ͑short compared with the period of vibrational motion of the molecule͒, the description of the absorption process is given in terms of a time-dependent Schrödinger equation treatment of wave-packet dynamics with the transition moment operator coupling the wavepacket on the ground state to a wave-packet on the excited electronic states ͓19,20͔. This approach is used in molecular physics to describe femtosecond chemistry experiments. Similarly, the many-body condensate at zero temperature can be viewed as a giant polyatomic molecule in a single quantum state. At the mean-field level of description of the condenstate, all the vibrational modes of the BEC ͑i.e., all the atomic translational degrees of freedom͒ are described by a single mean-field orbital, and the wave function is symmetric under interchange of the Bose particles. The vibrational fre-quency and time scale for condensate vibration are decreased by approximately 12 orders of magnitude from the corresponding scales for ordinary molecular vibration. BEC output coupling is an rf-induced fragmentation of the condensate by a broadband temporally short rf pulse ͑short compared with the period of the atomic motion in the BEC trap͒. The time evolution is given in terms of a timedependent wave-packet treatment with the transition moment operator coupling the wave packets for the ground and outcoupled states using a two-component time-dependent nonlinear Schrödinger equation ͑NLSE͒ ͓9,21͔. This treatment reduces in the limit of a sufficiently intense, short rf pulse to the treatment given in ͓2͔ ͑see below͒.
In contrast to the above time-dependent picture, the usual case in molecular spectroscopy involves transitions between discrete bound states of the ground and excited manifolds induced by cw light. If a pulse is used, its duration is long compared to the time of molecular vibration. If a narrowband, long-temporal-duration light pulse or a singlefrequency cw beam is responsible for the transition, the description is best given in terms of time-independent equations for amplitudes of the vibrational states on the ground and excited electronic states that are coupled via the matter-field interaction Hamiltonian ͑time dependent for the case of the narrow-band pulse and time-independent for the case of the single-frequency cw source͒. The off-diagonal matrix elements of the Hamiltonian are those of the molecular transition dipole moment operator between the ground and excited electronic states. These molecular matrix elements, represented by ប⍀ mol (t) ͑the Rabi frequency is not time dependent for the cw case͒, incorporate the effects of the transition dipole matrix element, the Franck-Condon factors between time-independent states, and the electric field strength ͑for an E1 transition͒ or the magnetic field strength ͑for an M 1 transition͒. In this view, photodissociation is a weak perturbation which dissociates the molecule, on a time scale long compared with the vibrational time, with a Fermi golden rule rate which is proportional to ⍀ mol 2 . In the case of two optically coupled bound states, molecular Rabi oscillations occur on a time scale long compared to vibration. An analogous treatment to this molecular physics picture applies for the case of the rf outcoupling of a BEC or rf coupling of two trapped states in a BEC. The main difference is that now the dynamics is nonlinear due to the interaction of the bosons in the condensate; the nonlinear Schrödinger equation is used to determine the dynamics. Here we develop a driven equations treatment incorporating Franck-Condon factors along the lines originally drawn in molecular physics ͓22-26͔, adapted here to treat the case of rf output coupling of a BEC when the rf is applied on a time scale long compared to the vibrational period in the trap.
III. BROADBAND rf ATOM LASER

A. Intense broadband rf atom laser
The dynamics of rf coupling to a BEC was described in the limit of an intense broadband rf laser that couples different hyperfine atomic levels in Ref. ͓2͔ . The rf coupling is due to a resonant rf pulse of temporal duration t pulse Ӷ trap Ϫ1 , where trap is the trap harmonic frequency ͑or suitable average frequncy for a three-dimensional anisotropic trap͒. A pulse with detuning ⌬ from rf resonance ͓27͔ couples atomic hyperfine states ͉1͘ and ͉2͘ with a coupling matrix element ប⍀/2, where ⍀ is the Rabi frequency. The amplitude of these states evolves according to the Schrödinger equation:
State ͉1͘ evolves into the superposition a 1 (t)͉1͘ ϩa 2 (t)͉2͘, with a 1 (t)ϭ cos(⍀t/2) and a 2 (t)ϭ sin(⍀t/2) for detuning ⌬ϭ0. The N-particle wave function ⌿ of the zerotemperature Bose condensate during and just after the rf pulse is then given by the symmetric product ͓2͔,
where i represents the ith particle, and the mean-field orbital is the same for all particles,
Here (x) describes the spatial shape of the initial unperturbed condensate, and the second factor describes the evolution of the internal spin states under the influence of the short, intense rf pulse. In Eq. ͑2͒, ͉NϪN 2 ,N 2 ͘ is a state with N 1 ϭNϪN 2 atoms in the trapped state ͉1͘ and N 2 atoms in the untrapped state ͉2͘. For ⌬ϭ0, the fraction of atoms moved out of the initial state ͉1͘ oscillates with the singleparticle Rabi frequency ⍀ as ͗N 2 ͘/Nϭ͉a 2 (t)͉ 2 ϭ sin 2 (⍀t/2), and the probability for remaining in the original ground state of the BEC is cos 2N (⍀t/2). For ⌬ 0, simple analytic expressions for the probabilities ͉a 1 (t)͉ 2 and ͉a 2 (t)͉ 2 are also well known. Experiment has shown that Eq. ͑2͒ describes the output coupling in the limit where the linewidth of the rf field, ⌬ rf , is large in comparison with the spacing ⌬E v between the quantized levels in the trap, ⌬ rf ӷ⌬E v /ប ͑this condition is equivalent to the statement that the rf pulse time t pulse is short compared to the trap cycle time͒, and the Rabi frequency is large in comparison with the trap frequency, ⍀ӷ trap ; thus, atoms everywhere in the trap are effectively resonant with the rf field. Equation ͑2͒ can also describe the coupling of two different bound spin states in this limit, where ͉2͘ is also a state trapped by the magnetic field. The physical picture behind this limit is that the fast rf pulse transforms the internal states of the atoms rapidly compared to the time scale of motion of the external center-ofmass motion of the atoms, so that no condensate motion or relaxation occurs during the pulse. Condensate relaxation occurs after the pulse is over, and the function (x) in Eq. ͑3͒ will split on a long time scale into separate pieces for each internal state 1 or 2. This is analogous to the short-pulse molecular photodissociation processes mentioned above that are used in femtosecond chemistry experiments with ordinary polyatomic molecules.
B. Stimulated bosonic processes
It should be noted that BEC output coupling is a stimulated process as far as the bosonic atoms are concerned ͑as is the rf transfer of population from one bound BEC state to another͒. It is not always evident in the one-particle picture used above where the stimulation factors occur. On the other hand, the stimulation factors are explicit in a Fock state ͑or number state͒ representation. In this section we will point out the connection between the one-particle and Fock-state viewpoints, and how the stimulation factors enter. The following analogy with the absorption of photons by atoms in an optical cavity is instructive. If the cavity modes are well established, and if optical transitions in the medium are resonant with these photons, the presence of photons populating the resonant modes stimulates the transition. For absorption or emission processes of photons of a mode populated with n ph photons in the cavity, the probability amplitude for the process is increased by a factor of ͱn ph for absorption and ͱn ph ϩ1 for emission. By analogy, for bosonic atoms initially populating a trap with all atoms in the trapped state ͉1͘, removing an atom from this state has an amplitude that is proportional to the square root of the number of bosons in this state. So, where is the bosonic stimulation in the atom laser theory?
Let us assume that at zero temperature the initial system is the Fock ground state for the N bosonic atoms in the rf field. Hence, initially, all atoms in the ground state occupy identical mean-field states and internal spin states ͉1͘. The initial state of the single BEC is given by ͉N,0͘͟ k␣ ͉n k␣ k ͘, where the k and ␣ k are the rf photon momentum and polarization indices, and the bosonic atom Fock state ͉N,0͘ ͓see the right hand side of Eq. ͑2͔͒ now takes on the meaning ͉N,0͘ ϭ͟ iϭ1 N ͉1͘ i . If only one field mode is present, then only one term in the product over photon field modes is nonzero. In what follows, we shall drop the photon degrees of freedom when writing matrix elements. These degrees of freedom will influence the Rabi frequency ⍀; for an absorption or emission process ⍀ contains a factor of ͱn k␣ k or ͱn k␣ k ϩ1, respectively. In the interaction picture, after making the rotating-wave approximation, the Hamiltonian matrix elements are given by ͓28,29͔
͑5͒
Here ⌬ is the rf detuning and ⍀ is the single-atom Rabi frequency associated with the coupling of the ground and excited atomic states by the rf field ͑it may or may not have Franck Condon factors depending upon the radio-frequency bandwidth; see below͒. The scaling of the matrix elements with the numbers of atoms in the two spin states, N 1 and N 2 , follows directly from Bose-Einstein commutation relations and the properties of the condensate wave functions.
The full state of the system evolves from the initial state via the interaction with the rf pulse. The full states of the system can be represented by the Nϩ1 Fock states ͉N 1 ,N 2 ͘ ͓again, the photon mode͑s͒ are suppressed͔ where at any time ͗N 1 ͘(t)ϩ͗N 2 ͘(t)ϭN ͑here the angular brackets indicate expectation value of the number operator over the state at time t). The time-dependent Schrödinger equation representing the rf coupling between the full system states can be written as a coupled set of ordinary equations for the amplitudes, A N 1 ,N 2 (t). There are Nϩ1 such amplitudes which can be labeled by the first number in the ket ͉N 1 ,N 2 ͘. These amplitudes are given ͑for the case of ប⌬ rf Ͼ⌬E v and ប⍀ Ͼ trap ) in the expression on the right-hand side of Eq. ͑2͒. The Schrödinger equation for the amplitudes of the Fock states labeled by ␣, ͕A ␣ (t),␣ϭ0, . . . ,N͖ is given by
where the Hamiltonian is tridiagonal, i.e., the only elements of the Hamiltonian which are nonzero are those with ␤ϭ␣ Ϯ1 and ␤ϭ␣. The off-diagonal element H ␣,␤ has the stimulation factor in it, i.e., H ␣,␤ ϭͱ␣␤ប⍀/2. For ⌬ϭ0, the probability for remaining in state ͉N,0͘ as a function of time is
(⍀t/2) in the limit of ប⌬ rf Ͼ⌬E v and ប⍀ӷ trap ; this probability decays from unity in time with a full width at half maximum of about N Ϫ1 times that of the inverse Rabi frequency. This is due to the fact that stimulation is included in the treatment, as is clearly evident from the Fock-state description. The Fock-state description is equivalent to the single-particle treatment given in Sec. III A. The description in this section is just another way of writing the equation for time evolution in a Fock basis. The Fock basis state treatment of rf coupling of different M F states in the same F manifold, as well as the treatment of rf coupling of states in different F manifolds ͑either directly or via a stimulated Raman process͒, can be easily worked out, and will be equivalent to the treatment given above.
C. Generalized description of broadband rf atom laser
A more general description of the rf output coupling for the broadband case, ប⌬ rf Ͼ⌬E v , which is valid for frequency-chirped pulses as well as constant frequency ones, whether or not the inequality ⍀ӷ trap is met, is given in terms of the two-component Gross-Pitaevskii equation ͓9,21͔: In what follows, we shall not make use of this full generality, i.e., for simplicity we take these quantities to be independent of space while the rf pulse is on.
In the limit that the rf pulse time t pulse is short compared to the trap cycle time and the Rabi frequency ⍀ 0 is large, this treatment yields the same oscillatory behavior as the dynamics described above in Sec. III A. In this limit, the solution to the two-component Gross-Pitaevskii equation can be taken as 1 (x,t)ϭa 1 (t)(x), 2 (x,t)ϭa 2 (t)(x) with (x) being the initial BEC solution to the Gross-Pitaevskii equation at tϭ0. Substituting these forms for j (x,t) into Eqs. ͑7͒ and ͑8͒ and taking the inner product with (x) yields a set of coupled equations for a 1 (t) and a 2 (t) which, as we now demonstrate, is equivalent to Eq. ͑1͒. We first introduce phase factors in the definition of a j (t) by taking a j (t)ϭb j (t)exp"Ϫi͐ t dtЈ j (tЈ)…, where j (t) will be defined shortly. Furthermore, we introduce time-dependent coefficients
We now define the timedependent phases j (t) as the following expectation values:
͑9͒
Substituting the forms for j (x,t) and using the assumption that ͐ 0 t dtЈ͓ 1 (tЈ)Ϫ 2 (tЈ)͔ can be neglected on the time scale tӶt pulse , we obtain the set of coupled equations, for
gives the same probabilities as Eq. ͑1͒.
IV. NARROW-BAND rf ATOM LASER
For ប⌬ rf Ͻ⌬E v , only one ͑or a small number͒ of the vibrational states in the trap can be excited. The theoretical treatment is best composed in a time-independent formulation similar to the treatment used in molecular spectroscopy with narrowband laser sources ͓23͔, or the treatment of predissociation of a molecular level into a dissociative continuum state ͓22͔. In this regime, a steady-state ͑cw͒ atom laser can be created, if the rate of loss of population of the BEC via output coupling is compensated for by pumping ͑cooling͒ atoms into the BEC. Provided the output coupling rate W oc is small, namely, W oc Ӷ trap , the following perturbation theory expression for the rate of output coupling is valid:
where Tϭ(ប⍀ 0 /2)͗E͉v g ͘. 
where is the chemical potential of the BEC. Using the assumption of weak coupling, where the amplitude of the outcoupled wave 2 remains small compared to the amplitude of the trapped state 1 , Eqs. ͑12͒ and ͑13͒ can be treated by perturbation theory as follows. Set U 0
22
͉ 2 ͉ 2 ϭ0 on the left hand side of Eq. ͑13͒ to obtain
and let 1 in this resulting equation satisfy the undriven equation obtained by setting ⍀ 0 ϭ0 and U 0 12 ͉ 2 ͉ 2 ϭ0 in Eq. ͑12͒. The driven equation ͑14͒ for 2 can be written as an integral equation in terms of the Green's function for the excited state. That is, the driven Schrödinger equation ͑14͒ can be solved to obtain 2 , by converting it to an integral equation, and the asymptotic form of 2 is proportional to the transition matrix. This is demonstrated in the next two subsections for the 1D and spherically symmetric cases, respectively.
A. Narrow-band 1D model
For the 1D case, Eq. ͑14͒ yields the integral equation
where the Green's function G(Ϫប⌬;x,xЈ) is given by
and x Ͻ ϭ min(x,xЈ) and x Ͼ ϭ max(x,xЈ). The asymptotic form of the Green's function is such that 2 (x)→Th ϩ (x) for large positive x with h ϩ (x) having only right-outgoing contributions for large positive x, and incoming and outgoing contributions for large negative x. The transition amplitude is given by ͓24-26͔ 
and has only outgoing waves to the left ͑large negative x). The integral in Eq. ͑17͒ can be approximated for positive scattering length cases with large numbers of bosons by taking the Thomas-Fermi approximation for 1 , obtained by neglecting the kinetic energy in the time-independent nonlinear Schrödinger equation for 1 ͓30͔:
for values of x, where ϪV 1 (x)Ͼ0 is positive and 1 (x) ϭ0 otherwise. For values of x for which the square root expression for 1 is positive, Eq. ͑18͒ can be approximated by
͑20͒
The integral can be calculated numerically by quadrature or an invariant imbedding method can be used to calculate the transition amplitude ͓25͔.
B. Narrow-band spherically symmetric model
For the spherically symmetric case, the asymptotic form of 2 (x) is Th ϩ (x), where T is the transition amplitude and h ϩ (x) contains only an outgoing wave contribution asymptotically ͓25,26͔. More specifically, the angular part of the final driven wave function 2 (x) is isotropic, and the radial part, 2 (r), satisfies the equation
where 1 (r)ϭͱ4r 1 (r) and 2 (r)ϭͱ4r 2 (r). The Green's function G(Ϫប⌬;r,rЈ) is given by
where r Ͻ ϭmin(r,rЈ) and r Ͼ ϭmax(r,rЈ). The asymptotic form of 2 (r) is Th ϩ (r) with the transition amplitude given by ͓25͔
where W(s,h ϩ )ϭϪ1, and the regular radial wave function s(r) satisfies the equation
͑24͒
Equation ͑23͒ can be approximated by making the ThomasFermi approximation for 1 (r). Here, too, the integral in Eq. ͑23͒ can be calculated numerically by quadrature or an invariant imbedding method can be used to calculate the transition amplitude ͓25͔.
In setting up the spherically symmetric problem, it should be remembered that the wave function 1 is written as 1 ϭ͓ 1 (r)/r͔(1/ͱ4). Hence the equation for the uncoupled bound-state radial wave function is given by
͑25͒
The coefficient of the nonlinear term in the radial equation is divided by 4, and the nonlinear term contains a factor of r Ϫ2 . Note that 1 (r)/r is finite at the origin and 1 (r) vanishes at the origin, similarly for the coupled radial equations.
V. rf TRANSITIONS BETWEEN BOUND BECs
The treatment for bound-bound transitions ͑two bound condensates of different atomic spin states that are both bound͒ can also be considered in the narrow-band and broadband rf transition limits. In the regime where ប⌬ rf Ͻ⌬E v and the Rabi frequency ⍀ 0 is small, the transition rates can be well approximated by a perturbation theory treatment which results in an equation similar to Eq. ͑23͒, except that the generalized Rabi frequency appearing in the new equation is given by ⍀ϭ⍀ 0 ͗v e ͉v g ͘.
͑26͒
⍀ contains a bound-bound overlap integral rather than the free-bound overlap integral appearing in Eq. ͑23͒. The bound-bound overlap integral for the mean-field motion of the atoms corresponds to what is known as the bound-bound Franck-Condon factor in the case of molecular transitions induced by cw light fields. Here the transition is between well defined quantum states of internal ͑spin͒ and external ͑coordinate͒ degrees of freedom. Hence, for cw rf sources coupling bound spin states, the actual frequency in the dynamics, ⍀, can be much smaller than ⍀ 0 .
The regime of ប⌬ rf ӷ⌬E v and ⍀ 0 ӷ trap results in an equation identical to Eq. ͑1͒ for the time dynamics is given by
In this impulsive limit where the time evolution occurs in a time short compared to trap Ϫ1 , the subsequent relaxation of the spatial part of the condensate wave function can be calculated from Eqs. ͑7͒ and ͑8͒, where ⍀ 0 ϭ0 and the initial conditions for the two components are 1 (x,tϭt pulse ) ϭa 1 (t pulse ) 1 (x,tϭ0) and 2 (x,tϭt pulse )ϭa 2 (t pulse ) 1 (x,t ϭ0), where 1 (x,tϭ0) is the ground-state solution to the time-independent Gross-Pitaevskii equation for the singlecomponent trap. A more general description of the rf transitions between bound BECs for the case of ប⌬ rf Ͼ⌬E v , which is valid whether or not the inequality ⍀ 0 ӷ trap is true, is given by a treatment identical to that in Sec. III C.
VI. NUMERICAL RESULTS FOR WEAK-FIELD NARROWBAND OUTPUT COUPLING
We present results of calculations for the rate of output coupling using the narrow-band spherically symmetric model for a 23 Na BEC, with A 0 ϭ52a 0 ͓31͔ (a 0 ϭ0.0529 nm͒ and x r ϭͱប/m trap ϭ5 m. The escaping particles are taken to have m F ϭ0, so the repulsive potential V 2 (r)ϭ0. We shall assume A 0 11 ϭA 0 22 ϭA 0 12 , so only one atom-atom interaction strength, U 0 , occurs in our calculation. We consider U 0 /(4)ϭ20, 100, 400, and 5500 for which NϷ3.6 ϫ10 4 , 1.8ϫ10 5 , 7.3ϫ10 5 , and 1.0ϫ10 7 atoms, respectively. The calculated chemical potentials for these numbers of atoms are approximately ϭ5.15, 9.47, 16.4, and 46.3ប trap , respectively. The transition amplitude is computed using Eq. ͑23͒ and the rate for output coupling is determined using Eq. ͑11͒. Our calculations were carried out using the numerically computed BEC ground state computed via a fast Fourier transform split operator method similar to the one used in Refs. ͓32-35͔, and the nonlinear eigenvalue and eigenfunction of the time-independent NLSE are obtained by turning time into imaginary time in the timedependent NLSE and letting the solution relax to the ground state. Figure 1 shows the free-bound Franck-Condon factor, ͦ͗E͉v g ͦ͘ 2 ϭ͉T͉ 2 /(ប⍀ 0 /2) 2 , versus asymptotic kinetic energy E of the bosons (EϭϪប⌬) for the four values of N used ͓͗E͉v g ͘ϵ͐ 0 ϩϱ drЈs E (rЈ) 1 (rЈ)͔. Note that as the frequency rf changes ͑i.e., as the detuning ⌬ changes͒, the asymptotic kinetic energy E of the ouput coupled particles changes. E is fully determined in terms of rf , hence the distribution of energy E would be a ␦ function with EϭϪ⌬ were it not for the finite output coupling rate ͑which determines the linewidth͒. Our calculated results are valid provided W oc Ӷ1.
The maximum of the Franck-Condon factor ͑i.e., the maximum of W oc ) occurs for values of EϷ and just slightly less than . The falling off of the Franck-Condon factor for E away from is clearly illustrated in Fig. 1 . This dependence on E can be understood as follows. Figure 2 shows a number of potentials; the effective attractive ground-state potential is given by V 1 (r)ϩU 0 ͉ 1 ͉ 2 and the effective repulsive potential for the final state is given by the sum V 2 (r)ϩU 0 ͉ 1 ͉ 2 which equals U 0 ͉ 1 ͉ 2 since V 2 (r) ϭ0. In the Thomas-Fermi ͑TF͒ approximation the effective attractive ground-state potential is for 0рrрx TF and is harmonic for rϾx TF , where x TF ϭͱ2/m trap 2 is the TF radius. The integrand for the overlap integral which defines the free-bound Franck-Condon factor is the product s E (r) 1 (r), where the free wave function s E (r) for EϭϪ⌬ is determined from the repulsive potential and the bound wave function 1 (r) is determined from the attractive potential. The effective repulsive potential in Fig. 2 is shown using both the TF approximation and the exact ͑numerically computed͒ BEC ground state. The line at EϭϪ⌬ in the figure crosses this repulsive potential at the classical turning point for motion on this potential. If EϷ, this classical turning point, or Condon point, is near rϭ0. The Condon point varies from large r to rϭ0 as E varies from 0 to , and a real Condon point no longer exists for EϾ. The latter case defines a classically forbidden Franck-Condon factor, which drops off exponentially with increasing E, like an antistatic wing of a pressure broadened transition. When the rf is tuned so that the final-state energy E is in the range 0ϽEϽ, there is a real Condon crossing point for the effective repulsive potential. When the rf is tuned so that the final-state energy E Ͼ, there is no longer a real crossing point, and the integral decays exponentially with increasing E.
The output coupling rate per particle is given by Eq. ͑11͒ as 
. ͑29͒
The total BEC output coupling rate is given by
and is plotted in Fig. 3 versus asymptotic kinetic energy E for the four values of N that we have taken. Clearly the output coupling rate W BEC,out for each value of N peaks at the same value of energy as W oc ; the energy of the peak as well as the peak output coupling rate increase with increasing N. Moreover, the width of the energy distribution becomes narrower with increasing N. The interpretation of Fig. 3 is as follows. As the rf frequency changes, the output coupling rate changes. The energy distribution of the output coupled particles would be a ␦ function at the kinetic energy determined by the rf frequency rf , i.e., the energy of the output particles would be completely determined for a given rf frequency, were it not for the fact that the output coupling rate is finite. The width of the kinetic energy distribution at a given kinetic energy E (EϭϪ⌬) is related ͑but not equal͒ to the inverse of the calculated output coupling rate at this energy. The width will change with time ͓36͔, because the nature of the BEC changes with time ͑if it is not replenished by continued evaporative cooling͒, much like the width of the fluorescence spectrum of a large molecule changes with time because of the relaxation of the molecule over times short compared with the decay time.
In order to check the validity of using the TF approximation in the calculation of the free-bound overlap integral, we compare in Fig. 4 the results of computing the integral using TF and the numerically computed BEC ground-state wave function. At high energies the results using TF are very accurate. At very low energies, the TF results in somewhat smaller values of the integral. This occurs because the exact continuum wave function is larger around the true turning point than the TF, and the bound-state wave function is larger at this turning point than the turning point for the TF ͑see Fig. 5͒ . In the intermediate energy regime, from about 4 to 6 ប trap , the integral calculated using TF is somewhat larger than the results using the exact wave function because the TF wave function is larger at the classical turning point on the effective repulsive potential.
The criterion for a cw atom laser is that the time for the atoms to leak out into the output coupled state must be long compared to the oscillation period in the trap, that is,
VII. SUMMARY AND CONCLUSIONS
The theory of atom laser output coupling for cw or weak narrow-band rf fields and pulsed broadband rf fields is best developed using time-independent and time-dependent treatments, respectively ͑in analogy with the theory of photodissociation of molecules discussed in Sec. II͒. We developed a general framework in which to describe atom laser output coupling of BECs, and showed how this theory reduced in the limit of cw rf fields and the limit of intense broadband fields to much simpler formulations. We presented numerical results for the output coupling rate versus rf detuning and number of atoms in the BEC for narrow-band weak rf fields. We find that ͑a͒ the rate is largest for EϷ ͑i.e., largest for zero detuning and decreases for both positive and negative detuning͒, ͑b͒ the rate increases at a rate less than linear with the number of particles, ͑c͒ the width of the energy distribution becomes narrower with increasing N. The reasons for these trends are that ͑i͒ for an energy EϷ, the classical turning point is near rϭ0, so one expects good overlap of the continuum wave function with the ground-state BEC wave function, and for energies lower or higher than EϷ the overlap integral decreases, and ͑ii͒ the maximum of the freebound overlap integral ͑supremum over energy͒ decreases with N and the width of the distribution of energies as determined by W oc becomes narrower. In the limit of ប⌬ rf Ͼ⌬E v and ប⍀ӷ trap , and for ⌬ϭ0, the probability of finding output coupled particles as a function of time is given by 1Ϫ P N,0 (t)ϭ1Ϫ cos 2N (⍀t/2), where t is the time duration for which the rf field is on. An analytic expression for the probability can also be easily worked out in this limit for ⌬ 0 in terms of the generalized Rabi frequency ⍀Ј ϭͱ⌬ 2 ϩ⍀ 2 . For weaker Rabi frequencies, the temporal behavior is more complicated and must be calculated using the two-component Gross-Pitaevskii equation ͓9,21͔. Stimulation due to the population of states by the bosonic atoms is explicitly included in the treatment, as is clearly evident from the Fock-state description presented in Sec. III B.
For rf-induced transitions between bound levels of different hyperfine structure states, the nature of the formulation again depends on the linewidth of the rf field as compared with the spacing between the mean-field bound-state levels.
If the bandwidth is small compared with the spacing between levels, the time dependence of the amplitude of individual mean-field eigenstates due to the presence of the rf field is determined, whereas if the bandwidth is large compared with the spacing between levels, one calculates the amplitudes of the hyperfine levels without explicitly determining the population of the mean-field bound-state eigenstates.
The treatment here has been developed for zerotemperature BECs at the level of a Hartree mean-field approximation. This treatment can be generalized to finite temperatures where it is essential to include the above meanfield contribution to BEC ͑even at zero temperatures there will be a very small contribution from the above mean-field contribution in a more complete theory͒. For the finitetemperature case, a density-matrix generalization ͑including the above mean-field contribution͒ of the theory presented here can be readily developed.
Our treatment can also be easily generalized to Raman output coupling schemes to couple states that differ by two or zero units of azimuthal quantum number and angular momentum quantum number, wherein pump and Stokes rf fields induce Raman hyperfine transitions ͑the intermediate state of the Raman process can be off-resonant͒.
